We investigate in a fully quantum-mechanical manner how the many-body excitation spectrum of topological insulators are affected by the presence of long-range Coulomb interactions. We show how special and highly localized plasmonic excitations partially result from non-trivial topological single-particle states of the one-dimensional Su-Schrieffer-Heeger model and study how these states inherit some of the topological characteristics of their constituent single-particle origin. Since these "topological plasmon" modes are generated by mixing topological edge with non-topological bulk single-particle states, they are not equally well protected against disorder and show a less stable excitation energy and localization. Furthermore, we show how external modifications via dielectric screening or applied electric fields with distinct symmetries can be used to study these topological plasmons allowing for experimental verification of our atomistic predictions.
INTRODUCTION
The experimental observation of the integer [1] and fractional [2] quantum Hall effects ultimately lead to the discovery of fundamentally new topologically non-trivial quantum phases [3] [4] [5] . These manifest themselves in systems with gapped bulk states and symmetry protected, conducting surface states. They can be realized, for example, in insulating or superconducting materials, which are correspondingly called topological insulators (TI) or topological superconductors (TSC). While TIs have been found in 3D [6] and 2D [7] materials as well as in 1D meta-materials [8] , TSCs have so far just been reported on the surfaces of iron-based superconductors [9, 10] and suggested in some other materials [11] . These systems have been characterized in great detail, with a focus on their single-particle (TIs [12] ) or Bogoliubov quasiparticle (TSCs [11] ) electronic properties, but the role of many-body interactions has so far been widely neglected. Just recently some attention has been given to the effects of electron-electron (Coulomb) interactions in these materials with regards to their plasmonic excitations. These many-body excitations describe collective oscillations of the electronic sea resulting from the long-range Coulomb interactions. In 3D TIs the topological surface states are formed by massless Dirac fermions which host plasmonic excitations [13] [14] [15] [16] , similar to those found in graphene. These have theoretically been described on a macroscopic [17] as well as on fully quantum-mechanical microscopic level using the random phase approximation (RPA) [18] . In two and one dimensions topological meta-materials have been created, which host 1D [14, 19] and 0D [8, [20] [21] [22] [23] plasmonic excitations. Such collective modes in these systems have so far been described mostly on a macroscopic level.
1D TIs are thereby of particular interests due to their * zhihaoji@usc.edu non-continuous edge-state energies. In contrast to 2D or 3D TIs, which show continuous topological conducting edge or surface states, 1D TIs are characterized by degenerate zero-energy single-particle edge states. As we will show in the following, topological plasmonic excitaions in 1D TIs can thereby originate only from virtual excitations between topologically trivial and nontrivial states, while plasmonic excitations from topologically non-trivial states only are forbidden. This admixture of topologically different states renders localized plasmonic modes in 1D TIs special, as we will show in detail in the following for the 1D Su-Schrieffer-Heeger (SSH) model [24] . Specifically, we calculate the realspace modulations of plasmons, from which we observe localized modes only when the 1D system is in a topologically non-trivial phase. We show in detail how these localized plasmons, which originate from constituent topological electronic states, are affected by bulk electronic states. We call them topological plasmons in this paper to emphasize their specific origin and interpret them as topological features in the spectrum of collective excitations. We present an in-depth study of their robustness against disorder, whereby we find relatively stable real-space excitation patterns, but strongly varying plasmonic excitation energies. Furthermore, we investigate how these topological plasmon modes are affected by environmental screening and how they can be externally tuned by electromagnetic fields.
The remainder of this paper is organized in the following way. In section II, we introduce the models under consideration, and briefly review their topological properties, before we discuss the real-space RPA method in section III. In section IV we present our main results, including the observation of localized plasmon modes of topological origin, the robustness of these modes against disorder, the effects of Coulomb interactions on these modes and the excitation of these modes subject to different external fields. This is followed by conclusions in section V. 
II. MODELS
We start with the simplest one-dimensional topological insulator, the SSH model [24] , whose Hamiltonian can be written asĤ
where N is the number of unit cells, and A and B label the two-atomic sub-lattices. Respectively, t and t describe intra-and inter-cell hopping [ Fig. 1(a) ]. For periodic boundary conditions, we can write this Hamiltonian in momentum space as [25] 
where
, and a is the lattice spacing. The bulk topological invariant of the SSH model is the winding number W, which can be obtained via [25] 
Throughout this paper we choose t and t to be real numbers and set a = 2Å. For t > t we obtain W = 0, and the system is correspondingly in the trivial phase, whereas for t < t the winding number is non-zero, W = 1, and the system is in the topological phase. The phase transition occurs at t = t , i.e. where the bulk band gap closes.
Bulk-boundary correspondence implies that the topology of the SSH model can also be recognized by the number of zero-energy edge states N es = 2W in the case of open boundary conditions. Fig. 1(b) shows the energy spectrum of the trivial (t = 1.25 eV > 0.75 eV = t ) and topological (t = 0.75 eV < 1.25 eV = t ) SSH models with 100 sites. The electronic structure in the trivial phase corresponds to a gapped particle-hole symmetric insulator with N es = 0, whereas in the topological phase we observe N es = 2, i.e. we find two degenerate zeroenergy electronic states, denoted as s 1 and s 2 in Fig. 1(b) , in the center of the band gap. Their wave functions are localized at the edges of the chain, as shown in Fig. 1(c) and Fig. 1(d) . The appearance of these two zero-energy edge states is a result of the chiral symmetry of the SSH model. In this case, the two zero-energy edge states are chiral partners of each other.
Additionally, we construct a variant of the SSH model by reflecting the simple SSH chain at one edge site. This new model is mirror-symmetric, with an interface in the center [ Fig. 1(e) ], which we call mirror-SSH (m-SSH) model in the remainder of this paper. The interface connecting two topologically distinct sub-SSH chains supports an additional localized zero-energy state. This kind of topological zero-energy mode was first found by Jackiw and Rebbi [26] , and is called the Jackiw-Rebbi mid-gap state. By construction, strong t > t (weak t < t ) edges correspond to a strong (weak) interface. In Fig. 1(f) we show the energy spectrum of the m-SSH model with 103 sites for both scenarios. In both cases, we observe zeroenergy states in the center of the band gap. For t > t , there is only one zero-energy state [s 3 in Fig. 1(f) ], which is localized at the interface [ Fig. 1(g) ]. For t < t , there are three zero-energy states [s 4 , s 5 and s 6 in Fig. 1(f) ], which are localized at the interface and at the edges of chain [ Fig. 1(h-j) ]. [27] III. METHOD
In order to study plasmonic excitations of these models, we derive the electron-energy loss spectrum (EELS) from the dielectric function
evaluated in the atomic basis. Here, V is the densitydensity Coulomb interaction whose matrix elements are given by
ε b is the background dielectric constant, e the elementary charge, and U 0 = drdr e 2 |φ(r)| 2 |φ(r )| 2 /|r − r | is the on-site Coulomb interaction evaluated from the 2D atomic basis function given by φ(r) = (σ
2 (Gaussian orbitals) using a variance of σ = 1Å. From this we obtain U 0 = 17.38 eV. χ 0 (ω) is the matrix representation of the non-interacting charge susceptibility, whose matrix elements in the random phase approximation [28, 29] are given by [30] [χ 0 (ω)] ab = 2
with a and b labeling atomic positions, γ = 0.01 eV is a finite broadening, and E i , f (E i ), and ψ ia are the i-th electronic eigenenergy, the corresponding Fermi function, and the tight-binding wave function expansion coefficient of the atomic orbital φ a , respectively, as obtained from diagonalization of the (m-)SSH Hamiltonian. To extract the macroscopic EELS(ω) = −Im [1/ε n (ω)], we follow the approach from Ref. 31 . Here, ε n (ω) is defined as the eigenvalue of ε(ω) which maximizes EELS(ω). The corresponding eigenvector yields a qualitative spatial representation of the induced chargedensity distribution, represented in the atomic basis. Using this definition, EELS(ω) shows local maxima at every possible plasmonic excitation energy. To obtain quantitative excitation spectra and correspondingly induced charge distributions ρ ind (ω) in the atomic basis resulting from specific external excitations φ ext (ω), we also evaluate
utilizing the interacting charge susceptibility defined by
To obtain the induced charge distribution ρ ind (r, ω), we transform ρ ind (ω) from the atomic basis representation to the r-space representation according to
with φ a (r) the atomic orbital centered at site a.
The induced charge generates the induced potential φ ind (r, ω) = dr ρ ind (r , ω)/|r − r |, leading to spatially distributed induced electric field E ind (r, ω) = −∇φ ind (r, ω). The corresponding excitation spectrum is finally obtained from the frequency-dependent induced energy U ind (ω) = |E ind (r, ω)| 2 dr [32] . As in the EELS, the plasmon frequencies maximize U ind (ω).
In contrast to EELS(ω), U ind (ω) and ρ ind (r, ω) depend on the actually applied electromagnetic field φ ext (r, ω), and result in quantitative induced charge densities, induced electric fields and induced energies, allowing for direct comparisons to experiments. Throughout this paper we analyze both, EELS(ω) and U ind (ω), depending on the specific purpose of the calculation. We begin by examining the plasmonic modes in the SSH model with open boundaries. Fig. 2(a) shows the corresponding EELS(ω) in the trivial (t = 1.25, t = 0.75) and topologically non-trivial (t = 0.75, t = 1.25) phases.
IV. RESULTS

A. Plasmonic Excitations in the SSH and m-SSH Models
In both phases, we observe a low-energy plasmon continuum (LPC) and a high-energy plasmon continuum (HPC), corresponding to the two internal degrees of freedom (sub-lattices A and B) in a unit cell. Plasmons in the LPC (HPC) have inter-(intra-) unit-cell charge modulations, showing longer (shorter) oscillation wavelengths over the entire chain, as depicted in Fig. 2(b) [Fig. 2(c) ]. In the topologically non-trivial phase, we find an additional excitation at ω ≈ 4.63 eV, indicated by the red arrow in Fig. 2(a) . It is a two-fold degenerate collective mode whose real-space charge-distribution pattern can be either even [labeled by p 1 , Fig. 2(d) ] or odd [labeled by p 2 , Fig. 2(e) ]. In either case, the charge distribution is highly localized at the edges of the SSH chain. interface hopping parameters, corresponding to topologically distinct states. In both cases, we again observe a LPC, a HPC as well as additional localized plasmonic excitations, labeled by p 1,2,3,4 . In the strong interface case, there is just one additional mode p 1 at ω 1 ≈ 6.0 eV, with a dipole-like charge distribution localized at the interface, as shown in Fig. 3(b) . In the weak interface case, we find two additional plasmonic excitations, p 2 and p 3,4 , at ω 2 ≈ 5.04 eV and ω 3,4 ≈ 4.63 eV, respectively. p 2 is an interface mode [ Fig. 3(c) ], but with different symmetry compared to the dipole-like mode shown in Fig. 3(b) . p 3 and p 4 are two-fold degenerate edge-localized plasmons whose real-space charge-distribution pattern can either be even [ Fig. 3(d 
B. Topological Origin of Localized Plasmon Excitations
Noticeable, the localized plasmonic states marked by arrows in Figs. 2 and 3 resemble the single-electron topological states shown in Fig. 1 . To get a deeper understanding of the origin of these localized plasmonic excitations, we decompose the full charge susceptibility (χ full 0 ) into its topological and bulk contributions by separating the summation in Eq. (6) as follows:
. . .
where TS is the set of topological zero-energy states. Due to their degeneracy, there are no virtual excitations between the topological electronic states, so that we can ignore the term i,j∈TS in the above decomposition. We call the remaining first two terms on the right hand side of Eq. (10) the topological (χ topo 0
) and the third term bulk charge susceptibility (χ bulk 0
). In order to delineate the bulk and edge contributions to the plasmon spectrum, we show EELS(ω) of the topological SSH model using χ , which are given by [33] 
with
and
P is the projection operator to the space of topological zero-energy states. Each element of χ topo 0
is thus a product of the projection operator to the space of topological zero-energy states P ab and the RPA sum over all bulk electronic states S ab (ω). The topological electronic states ψ i∈TS (r) are strongly localized at the edges, so that we find non-zero elements of P ab only for a and b close to the edges. S ab (ω) does not vary abruptly with a and b since the bulk states extend across the entire chain. S ab (ω) thus does not significantly affect the localization of the topological charge susceptibility, yielding a very sparse matrix χ , which inherits its strongly localized character from χ topo 0 (ω) (V c further increases the localization due to its diagonal-dominant matrix structure).
Thus, these localized plasmonic excitations indeed originate from the localized topological electronic states, which is why we refer to them as topological plasmons hereafter. It is important to notice that there is still a bulk-related component in χ . These bulk contributions strongly affect the topological plasmons, i.e., they shift their excitation energy and spread out their spatial extension. We therefore expect that the localized topological plasmons are less stable than their constituent topological single-electron states.
C. Robustness of Localized Topological Plasmons against Disorder
We numerically study the stability of the topological plasmon localized at the interface in the m-SSH model with strong interface hoppings in the presence of uniformly distributed off-diagonal disorder δt ∼ U(−a, a) in the hopping matrix elements t and t . The strength of the perturbation is limited to a certain range, i.e., a < |t − t |/2, such that it will not induce any topological transition by reversing the order of t and t . In the unperturbed system, a topological interface mode was observed at ω ≈ 6.0 eV in section IV A. With perturbation, both the excitation energy and the real-space charge-distribution pattern of this interface mode are affected.
We consider 500 realizations for each a, ranging from 0.025 eV to 0.2 eV. Fig. 5(a) shows the averaged electronic density of states (DOS) of the unperturbed and perturbed systems. The bulk electronic states are affected, whereas the topological electronic state at zero energy is unchanged.
Figs. 5(b) and (c) show the averaged EELS around the localized interface mode calculated using χ full 0 and χ topo 0 , respectively. In both cases, the excitation energy of the interface plasmon broadens when disorder is introduced, which increases with perturbation strength. To quantify this, we plot the relative standard deviation (R-STD, defined by the square root of the second central moment of the averaged EELS, divided by the unperturbed excitation energy) of the excitation energy ω p versus a in . In both scenarios the R-STD increases with the perturbation. The excitation energy of the topological interface plasmon is thus less stable than the energy of the single-electron topological state against external perturbations.
We also examine the stability of the real-space charge distribution of the interface plasmon and the real-space wave function of the single-electron topological state, using the inverse participation ratio (IPR). The IPR of a normalized N -dimensional vector ψ is calculated via IPR = N i |ψ i | 4 , where i is the index of the components. An increased IPR indicates a stronger localized distribution. We calculate the electronic IPR (e-IPR) from the eigenvector of the Hamiltonian and the plasmonic IPR (p-IPR) from the eigenvector of the dielectric matrix derived from χ full/topo 0 (p-IPR full/topo ). The results are shown in Fig. 5(e) . As expected, the e-IPR does not vary at all indicating the stability of the topological single-particle wave function. The p-IPR topo does not vary with the perturbation strength either. Thus the real-space charge-distribution pattern of the interface topological plasmon would be stable if we would consider χ topo 0 only in deriving the dielectric matrix. The full p-IPR shows, however, a slow decay with increasing perturbation. We fit this decay by a exponential function p-IPR full = Ae −a 2 /δ with A ≈ 0.5 and δ ≈ 1 (eV) 2 . As a 2 is proportional to the variance of the uniform distribution U(−a, a), we find that p-IPR full decays exponentially with the variance of the perturbation.
To compare the stability of the plasmon excitation energy to the stability of its real-space modulation we plot the R-STD of p-IPR topo/full in Fig. 5(d) as well. We find that the R-STD of p-IPR topo is always significantly smaller than the R-STD of ω . The only quantity within this expression which is modulated by the applied perturbation isS(ω), which can be approximated bỹ S(ω) ≈ c(a)S(ω), where c(a) is a scaling factor depending on the perturbation strength a. Thusε topo is affected just by a simple scaling factor which does not change its eigenvector, but its eigenvalue. Correspondingly, the excitation energy [EELS topo (ω)] is affected by the perturbation, but the real-space localization [p-IPR topo ] is not.
For the full quantities, i.e., p-IPR full and EELS(ω) derived from the perturbedε = I − V cχ0 this line of argumentation does not hold anymore. Here,χ 0 cannot be described as a scaled version of χ 0 , so that both, eigenvectors and energies are affected by the perturbation. Thus, χ bulk 0 is responsible for the deloclaization of the topological plasmon with increasing perturbation, while S(ω) is the reason for the destabilization of its excitation energy.
It is, however, important to realize that δ ≈ 1 (eV) 2 is large compared to the energy scale of the perturbation. In fact, √ δ is of the order of the band gap (1eV), which is likely beyond the limit of experimentally achievable perturbation levels. Therefore, we conclude that the realspace localization of the topologically-originated plasmon interface mode in the m-SSH model is protected when subjected to sufficiently small hopping noise.
D. Effects of Coulomb Interactions on Topological Plasmons
Degeneracies
In the topological phase of the SSH model, the topological plasmon at ω ≈ 4.63 eV is a two-fold degenerate collective mode whose real-space patterns are localized at the opposite edges of the open chain [ Figs. 2(d) and (e) ]. The single-electron topological zero-energy edge states are also two-fold degenerate. In this case, the degeneracy of single-electron topological states is fully inherited by the topological plasmons due to equivalent local Coulomb environments at the right and left edges. In the m-SSH model with weak interface hopping, we obtain one interface plasmon mode at ω ≈ 5.04 eV in addition to two two-fold degenerate edge plasmon modes at ω ≈ 4.63 eV. The constituent single-electron topological zero-energy states, on the other hand, are three-fold degenerate, with wave functions localized at the mirror interface and at the two chain ends. In this case, the degeneracy of the constituent single-electron states is only partly inherited by the derived collective states and split into "1+2" in the topological plasmons. The interface mode can now be distinguished from the edge mode in the EELS due to its different local Coulomb environment, i.e., the interface site is exposed to the Coulomb interaction from the left and right part of the system, while the edges just feel one tail of the Coulomb interaction.
To verify the above argument we break the Coulomb environment equivalence of the SSH model by using different local Coulomb potentials on the left and right edges, i.e. U Fig. 6(b) ] the two-fold degenerate edge plasmon is split into two non-degenerate modes: the left mode (p 
Environmental Screening
The discussion above can also be interpreted as a local change in screening yielding an enhanced local Coulomb potential at the right edge which shifts the corresponding plasmonic excitation energy to higher values. The same trend can be observed by introducing a global background dielectric constant ε b which re-scales the full Coulomb interaction. In Fig. 7 we show the resulting EELS(ω) of the SSH and m-SSH models in their topological non-trivial phase for varying ε b . Now, the excitation energies of all plasmons shift continously to lower energies with increasing ε b and thus decreasing Coulomb interactions. In more detail, high-energy modes shift stronger than those with lower excitation energies.
E. Excitation of Topological Plasmons Subject to Different External Potentials
While the EELS shows all possible plasmonic excitations of a system, it does not yield any information about the excitations generated by specific external electromagnetic fields. In reality the symmetry of the external electromagnetic field will strongly influence which modes will and can be excited. Specifically, it depends on whether χ 0 (ω)φ ext (ω) is zero or not [see Eqs. (7) and (8)]. We therefore turn to the induced energy spectra U (ω), which renders the realistic response to specific applied external electromagnetic fields.
To this end we focus on the topological plasmons in the SSH and m-SSH models subject to linear and centered quadratic external electrical potentials. The linear potential (LP) is an odd function, whereas the centered quadratic potential (CQP) is an even function in real space. Figs. 8(a) and (b) show the induced energy spectra of the SSH model subject to both potentials. The topological plasmon mode at ω ≈ 4.63 eV, as shown in Fig. 2(a) , also appears in the induced energy spectrum for each of these cases (the red dashed line). Fig. 8 which inherit the symmetry of the external potential. In more detail, we find an odd real-space charge distribution by using the LP [ Fig. 8(c) ] which resembles the one shown in Fig. 2 (e) and and even distribution by using the CQP [ Fig. 8(d) ] as found in Fig. 2(d) . Therefore, we can excite either one of these two degenerate modes by choosing certain external potentials.
Figs. 9(a) and (b) show the induced energy spectra of the m-SSH model with strong interface hopping, also subject to LP and CQP. The EELS of this model [ Fig. 3(a) ] has a plasmon mode at ω ≈ 6.00 eV with a dipolelike real-space charge-distribution pattern observed in Fig. 3(b) . Thus, it can be excited by LP but not by CQP as verified in Fig. 9 . Fig. 9(c) demonstrates that the corresponding charge distribution is indeed a dipole localized at the mirror interface.
The symmetry of the external perturbation has thus a strong effect to the topological plasmonic excitations while the rest of the spectrum is unchanged and is therefore well-suited to study these special and highly localized states.
V. CONCLUSIONS
With the help of atomistic calculation in the random phase approximation we were able to study the quantummechanical impact of many-body interactions in form of long-range Coulomb interaction to one-dimensional topologically non-trivial systems. We analyzed the complete plasmonic spectra of the SSH model and a mirrored variant of it including lower and higher lying continua. Most importantly we found highly localized plasmonic states which are present in the topological phases of these models only. From a detailed combined mathematicalnumerical analysis of these localized collective excitations we understood their origin as partially derived from topological single-particle states. There are, however, significant differences between topological single-particle states and their collective counterparts. For one, the protection of the topological single-particle modes against external perturbation is only partially preserved by these topological plasmons. Furthermore, some of the degeneracies of the topological single-particle states are removed by the Coulomb interactions in the topological plasmons. We demonstrate control over these plasmonic modes via the dielectric environment and specifically shaped external electric fields. Similar phenomena related to toplogical plasmons are expected in other one-dimensional (AubryAndre model, Fibonacci chain) and two-dimensional (QiWu-Zhang model and Haldane model) structures, which will be subject of future investigations.
